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Abstract 

The purpose of this paper is to show that the reflex fields of a given 
CM-field K is equipped with a certain combinatorial structure that has 
not been exploited yet. 

The first theorem is on the abelian extension generated by the moduli 
and the 6-torsion points of abelian varieties of CM-type, for any natural 
number 6. It is a generalization of the result by Wei on the abelian 
extension obtained by the moduli and all the torsion points. The second 
theorem gives a character identity of the Artin //-function of a CM-field K 
and the reflex fields of K. The character identity pointed out by Shimura 
in QT] follows from this. 

The third theorem states that some Pfister form is isomorphic to the 
orthogonal sum of Tr K »^yQ(aa) defined on the reflex fields (B $6A K*($). 
This result suggests that the theory of complex multiplication on abelian 
varieties has a relationship with the multiplicative forms in higher dimen- 



Introduction 

The moduli of abelian varieties of a CM-type and their torsion points generate 
an abelian extension, not of the field of complex multiplication, but of a reflex 
field of the field. This is the theory of Shimura and Taniyama, which determines 
the Galois group of the abelian extension as the kernel of the half norm map 
between the idele groups (c/. [5], Main Theorem 1, 2). 

After that, in order to give a more direct description of the Galois group, 
Shimura jTD] and Ovseevich [5] investigated into the abelian extension gener- 
ated by the class-field of the maximal totally real subfield of the CM-field K 
and complex multiplication. There is also the work by Kubota on the abelian 
extension generated by one CM-type of K [5]. On the other hand, Wei proved 
a theorem on the abelian extension generated only by complex multiplication 
[T5] . Our first theorem (|2.ip is a generalization of the theorem by Wei, which 
deals the abelian extension generated by the moduli and the 6-torsions for a 
natural number b. The proof uses a combinatorial property of the reflex fields 
(Corollary E2). 
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In section [31 a set of CM-ficlds if (i) including K is proposed as a dual set 
of the reflex fields of if. A character identity holds between these two sets 
(Theorem 13. ip . The character identity mentioned in [TT] is obtained from this. 
The set of K (I) consists of only conjugate fields of if over Q, if the degree of 
if is 2, 4 or 8. 

The third theorem (|4.ip states the relation between reflex fields and some 
Pfister form. Let Kq be the maximal totally real field of a given CM-field if. 
Then, if = Ko(^/—d) for some totally positive element d € Kq. Using the 
cmbeddings <fii,--- ,(fiN ■ if °-> C, the Pfister form q := (l 7 ipi(d)) <g) • • • <g) 
(l,ifiN(d)) is defined over the Galois closure of ifo over Q. The third theorem 
states that q is isomorphic to the orthogonal sum of 2~ N Tr K » ($)/Q(aa) defined 
on the reflex fields if*($). 

In the case of imaginary quadratic fields Q(\/— d), the Pfister form (1,(2) 
equals the quadratic form on Q(\/—d) defined by the norm Nq/^ztcI) /q- Theorem 
14. H is a generalization of this to higher dimension. 

Some basic notations and definitions are given in Section [T] Each following 
section depends on the content of Section [T] 

1 Some algebraic properties of CM-fields and 
their reflex fields 

In this section, several results on the reflex fields and their Galois groups are 
shown. They are used to prove the theorems in the remaining sections. 

1.1 Basic notations 

Here, recall the definitions of CM-types, their dual CM-types; let if be a CM 
field and ifo be its maximal totally real field. Their Galois closures are denoted 
by K c and Kq respectively. We denote the Galois groups; 

G := Gal(if c /Q), G := Gal(A' c /Q), 
H := Gal(if c /if), ii := Gal(A c /ifo), C := Gal(A c /if c ), 

where Q is the rational number field. There is an exact sequence: 

1 > C > G > Go > 1. 

Since K c is also a CM-field, the complex conjugation i is a central element of 
G. The pair (K, $) is called a CM-type of K, when $ is a set of the embeddings 
of K C over Q such that $ and are disjoint, and every embedding is 
contained in $ U t4>. Therefore, $ and $Ut$ correspond one-to-one to the left 
cosets G/Ho, G/H respectively. 

For a CM-type (if, $) and a set 5$ := U v e$ fH, define a subgroup H*(<&) 
of G by 

JT($) := {a E Gal(A c /Q) : <tS$ = S®}. (1) 
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Then, i <£ #*($), and H*($)S* = S*. Hence, S* = U- • •UF($)^ M , 

which is a disjoint union of right cosets. Let if* ($) be the fixed subfield of if c by 
#*($), then, if*($) isaCM-field. If we set $* := {VrV* ($),-• ■ >mV*(*)}, 
(if*($),$*) is also a CM-type. (if *($),$*) is called the dual CM-type of 
(if, $), and if *($) is called the reflex field of (if, $). 



1.2 On the structure of the Galois groups of CM-fields 
and their reflex fields 

In this section, we define a 1-cocycle map and an embedding Gal(if c /Q) 
Ind^ Q (Z 2 ) x Go to see the structure of the Galois group of the reflex fields. The 
results in this section are already discribed in [2] in a similar fashion. Here, we 
reformulate the discriptions in [2] to clarify the relation between the structure 
and the action of G on the CM-types, for the proofs of the following theorems. 

Let H act on Z 2 trivially. The induced module Ind^r (Z 2 ) can be regarded 
as a set of maps Map(G/iio, Z 2 ), on which G acts by a(f)(TH ) = f(<T~ 1 TH ). 
Since if§ is the composite field of all the conjugate fields of ifo over Q, C — 
P| r6G riioT" 1 . Hence, the actions of C on G/H and Ind^ o (Z 2 ) are trivial. 
Therefore, Go = G/G also acts on G/H and Ind^ (Z 2 ). 

As an abelian group, we have G = (Z 2 ) m for some integer m. In fact, since 



if = Kq(t/— d) for some totally positive d G K , if c equals K^{yJ— tfi(d), • • • , y/—<px{d)), 
where cpi, ■ ■ ■ , ip^ are the embeddings of if C over Q. 

The following lemma shows that when G acts on G by conjugation t • a = 
rar -1 for r € G and a G G, G can be embedded into Ind^ (Z 2 ) as a G-module. 



Lemma 1.1. Using a totally positive d such that if = ifo(v— d), define a map 



C— >Indg (Z 2 ) by 



r(a)( W JTo) = |° l / a (V Z ^)) = V Z ^), (2) 
I 1 otherwise. 

Then, r does not depend on the choice of d, and it is an injective G-homomorphism. 
Proof. It is clear that r does not depend on the choice of d. Furthermore, it is an 



injective homomorphism of additive groups, because if c — Kq(^J— <pi(d), • • • , \f—y>N{d))- 
For any r G G, if we put (— l) ni = r _1 C\/—'Pi(d) \ / ^—T~ 1 (pi(d), then 



Tar-^^Md)) = (-l) ni ra(V-r-Vi(d)) 

= (-l)"' +r(a)(T_V ^ o) r( v /-r-Vi(rf)) 

= (_i)K«)(--V^ )yz^). 

So, (r • r)(a)(</Ji(d)) := r(a)(T~ 1 ip i H ) = r(TaT~ 1 )(<p i H ). Hence, r is a G- 
homomorphism. □ 

The embedding r given in Lemma 11.11 can be extended to a 1-cocycle map 
G^Ind| (Z 2 ). 
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Definition 1. For a CM-type (K,&) with $ = {<pi,--- ^n}, define a map 
r<s,:G — > Indg Q (Z 2 ) to be 

r,(r)(^ ) := (° (3) 
I 1 otherwise. 

Proposition 1.1. The map r$ is a l-cocycle that equals r on C . The cohomol- 
ogy class [r$] m -ff 1 (Go,Ind i3o (Z 2 )) is determined independently from the choice 
of the CM-type (K,$). Moreover, (K,$) h-> r$ gives a map from the CM-types 
of K onto the the cohomology class [r$] . For any two CM-types (K, <E>) and 
(K, $'), r$ = rv if and only if $' = $ or t$. 

Proof. For a e C, ai^iJ = ^i? or LipiH, since aipiH = fiH . Furthermore, 
a^ff = </>i-fz" if and only if a fixes \J—ipi{d), since Kg ■ <Pi(K) = Kq{^J —ipi(d)). 
Hence, r$|c = r. 

For any n , t 2 € G, 

r*(riT 2 )(^ff ) = (TiT 2 )~Vi e $ 



/ \ / — i jj \ Jo if t x Vi G * 

1 if T X ipi € L$ 



7'<i.(T 2 )(r 1 1 <p i H ) 



[0 ifr$(r 1 )(^ J ff ) = 
[1 if r 9 (n)(<piH ) = 1 

r*(ri)(^i/f ) + r-$(r2)(rf Vi#o) = 
(r*(n) + ri • r<t,(T 2 ))(^ffo) = 0. 

So r$ is a l-cocycle. Next, we shall show the map $ r$ is onto [r$]; us- 
ing the CM-type $ and / e Ind^ o (Z 2 ), any CM-types <£' are represented by 
{(/(vitfo) Vl) ... ^/(vjvffo)^}. Then, r*/(r) = r$(r) + r ■ f - f, which implies 
that 

r$/ (r) = r$ (r) for all t G G / equals or 1 constantly. 

Hence, the last statement also holds. □ 

Since r$|c = r and G/G = Go, r$ induces a l-cocycle of if 1 (Go, Ind^ o (Z 2 )/r(G)). 
There is the exact sequence of cohomology groups: 

ff 1 (Go,Indg o (Z 2 )/r(G)) ► H 2 (G ,r(C)) > H 2 (G , Indg o (Z 2 )). 

Lemma 1.2. Let [s] be the image of [r$] by H 1 (Go, Ind^ o (Z 2 )/r(G)) — > 
H 2 (Go,r(C)). Then, [s] € H 2 (Go,r(C)) corresponds to the exact sequence: 
1— >C— >G— >G — H. 

Proof. For er G Go, fix a pre-image of G — 5- Go, and denote it by <r. Then, [s] 
in H 2 (Go,r(C)) is given by 

x(er, t) = r$ (<t) — r$ (or) + u ■ r$ (f). 
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Let a := error , then a G G, and we have 

x(a, r) — r$(<r) — r$(a _1 <7f ) + a ■ r$(f) 

= r$((j) — (— r$(a) + r$(<r) + <r • r$(f )) + a ■ r$(f) 
= r(a) = r(arar ). 

This means x(c, r) coincides with the exact sequence. □ 

By LemmalU [s] belongs to the kernel of H 2 (G Ql r(C)) — > H 2 (G , Indg (Z 2 )) 
in the exact sequence. Therefore, there is a commutative diagram of two exact 
sequences: 

1 ► G > G > G > 1 (exact) 

'1 I II 

1 ► Indg (Z 2 ) ► Indg o (Z 2 ) x G ► G ► 1 (exact) 

The group operation of the semi-direct group Ind^ (Z2) X Go is defined by 

(f,a)(f',a') = (f + a-f',aa'). (4) 

The projection on Ind^ o (Z2) of the middle vertical homomorphism equals r$ 
for a CM- type (if, <&). The corollary follows from the discussion above. 

Corollary 1.1. Let (if , 5>) be a CM-type of if. Let p be the canonical epi- 
morphism G — » Go- Then, the map p$ : G — > Indg- (Z2) xi Go given by 
t 1— > (r$(r), p(r)) is an infective homomorphism. 

By the definition of r$, we have for any r 6 G, 

r E H*($>) <^=> r$(r) equals constantly. (5) 

Therefore, using the embedding r$ and p defined in Corollarv ll.il the subgroups 
of G can be restated as follows; 

G = {t £ G : p(r) = id} , (6) 
H* ($) = {r EG: r*(r) = for any t} . (7) 

In particular, by the injectivity of r on G, Cfl H*(G>) = {id} for any (if, <f>). 
On the other hand, G C if. Hence, ii*(<i>) can equal ii only when G = {id, 1}. 

1.3 The conjugacy among CM-types 

It is said that two CM-types (if, $) and (if, <&') are conjugate if and only if 
$' = T (j) for some r € G. Corresponding to the action of G on the CM-types of 
if, a new action of G on Ind^ o (Z2) is introduced in this section. 
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Fix a CM-type $ := Ww' ,<Pn} of K. Then, for / G Indg o (Z 2 ), a 
CM- type $/ is given by 

*/ := ■ • • , t /(wHa W} • ( 8 ) 

The set of the CM-types of K has a one-to-one correspondence with Ind^ o (Z2) 
by / ^ 

Regarding G as a subgroup of Ind^ o (Z 2 ) * Go by the embedding p$ defined 
in Corollarv ll.li let G act on Ind^ o (Z 2 ) XI Go by multiplication from the left-hand 
side. This yields a new action of G on Ind^ (Z 2 ) given by r * / := r$ D (r) +r • /. 
This action depends on $o- We shall show the lemma: 

Lemma 1.3. The identification between all the CM-types and Ind^ o (Z 2 ) given 
by f ^ &f coincides with their G- structure, i.e., r$j = Q T *f forr G G. Hence, 
coincides with the stabilizer of f , i.e., t* f = / •<=>■ r G H*(&f). In 
addition, two CM-types (K, $/),, (i^, are conjugate if and only if there exists 
t G G smc/i i/iai /' = r * /. 

Proof. If we show t<I>/ = $ T */ for any r € G, it is easily seen that the remaining 
statements hold. For r G G and ip £ $0, we have 

r$ f (T)(tpH ) = J&^ip e r$/. 

Hence, 

Since r $/ (t) = r$ (t) + t • / - /, 

r$ f (T)+f = rs, (T)+T-f = T*f. (9) 
Therefore, t$/ = $ T *f- We proved the lemma. □ 

The set of the CM-types of K is divided into the orbits by the action of G. 
Each orbit corresponds to a conjugacy class of the CM-types of K. The fixed 
subgroup of 4> is H*(&). Therefore, the degree of the reflex field K*(3>) equals 
the cardinality of the orbit. From this, the following lemma follows which is 
also described in |12) : 

Lemma 1.4. Let A be a system of representatives for the conjugacy classes of 
the CM-types of K. Then, the sum of the degrees of the reflex fields {i , C*($)}$ e A 
equals 2 . 

It is used in the proof of Theorem 12.11 
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1.4 On a combinatorial property of half norm maps 



For a CM-type (K, <fr), a half norm map K x — > if*($) x is denned by a i— > 
11^6$ ¥>( a )- I n general, for a given G-module M, a half norm map iV$ : M fl — ► 
M H "^ is defined by a ^ X^^a), where M H , M H '^ are the subsets of 
M consisting of the fixed elements by H, H*(Q) respectively. Then, Ng,(a + La) 
equals the norm map Nq/h ■ a ^ J2 a eG/H a ( a )- 

The following proposition shows a characteristic property of half norm maps. 

Proposition 1.2. Let M be a G-module on which i acts as —1. Denote the 
dual CM-type of(K,&) by (K* ($), <&*). Then, two maps are defined using the 
half norm maps: 




- | \ | , (10) 



where A ranges all the conjugacy classes of the CM-types of K . Then, the 
composition of the following maps equals the multiplication by 2 N ~ 1 on M H , 
where 2N is the degree of K over Q. 

This lemma is generalized to Proposition 14.11 in Section |U Hence, we omit 
the proof here. 

Let Ix, be the idele group of a number field L. For a natural number b, define 
an open subgroup Ul{(J>)) C II by 

:= * n( i+6 °p) x n° P x ' ( i2 ) 
pi(h) pt(b) 

where C p is the ring of integers of the local field L p , and (£oo)+ is the connected 
open subgroup of 1 in (L ®q M) x . 

From Proposition 11.21 the corollary follows immediately. It will be used in 
the proof of the theorem 12. II 

Corollary 1.2. The composition of the following two maps equals the multipli- 
cation by 2 N ~ l on I K /U K ((b))l Ko . 

lK/l Ko U K ((b)) ( ^^ eA > 0I«r. W /I^ W C^.(*)((6)) E * £aJV *'> V^oMCO)- 
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In particular, the elements that belong to the kernel of (^V$)$ g a, has an order 
dividing 2 N ~ 1 . 

Remark 1. When K is a Galois extension over Q, all the reflex fields are 
contained in K. Therefore, in this case, the elements that belong to the kernel 
of (-/V$)$ g a have an order dividing at most 2. 

2 The Abelian extension by complex multipli- 
cation 

In this section, we shall prove the theorem on the abelian extension generated 
by complex multiplication. 

First, we give some definitions; for a number field L, let Cl '■= Il/L x , 
and denote the connected component of the identity in Cl by Dl- By the 
main theorem of class field theory, there is the canonical isomorphism <f>L '■ 
Cl/D l A Gal(L ab /L). 

For a number field L and an integral ideal a of L, define an open subgroup 
Ul{o) C II associated with o by 

[/ L (o) := (I^x[](l + a0 p )x[]O p x , (13) 

where O p is the ring of integers of the local field L p , and (Ax>)+ is the connected 
open subgroup in (L®qM) x . Let L a be the ray class field of L modulo a, then, 
4>l gives an isomorphism II/ L x Ul(o) — > Gal(L a /L). 

Let A be a polarized abelian variety of CM-type (K*($), <&*). For a CM- 
type (K, <&) and the dual CM-type (#*($),$*), we have a half norm map 
K x — > if*($) x defined by a H Tl^e* f( a )- ^ also induces a half norm map 
iV$ : Ck — > Ck*(*)- By the theory of complex multiplication, the abelian 
extension over K generated by the moduli and o-torsions of A corresponds to 
the kernel of the map induced by 7V$: 

Ck — ► I K * m /(K*(<P)) x U K , m (a), 

a >-> n 

In the sequel, let b be a natural number, and Mkm be the subfield of K ab 
obtained by adjoining to K, the moduli and the 6-torsion points of all the 
polarized abelian varieties of a CM-type with the reflex field contained in K. 
By the theory of complex multiplication, M.kj> is contained in K(h), the ray 
class field of K modulo b. Furthermore, we have the theorem: 

Theorem 2.1. Let {/sT*($)}$ e A be the set of the reflex fields of all the CM- 

types of K , and 2 N ° be the maximum 2-power dividing the degrees of all the 
reflex fields of K. (Hence, 1 < iV < N.) 

Then, there exists a subgroup H{b) of Gal(K^/ 'M.K,b) satisfying the follow- 
ing s: 
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(i) 2 N - 1 Gal{K (b) /M K , b ) C H(b) C Gal{K {b) / M K ,b), 

(ii) 2 N °H(b) C Ver(Gal(K . {b) /K ■ Q (6) )) C H(b), 

where K ^ is the ray class field of K$ modulo b, and Ver is the Verlagerung 
map Gal{K om /K a ) — > Gal{K {b) /K). 

In particular, for any odd prime p, the p-component of Gal{K(h\/M.K,b) * s 
isomorphic to that of Ver (Gal{KQ ^ / Kq ■ Q(&))). 

Proof. For an ideal (&), take £/#•((&)) as (fT3)l . Let Vr-((6)) be the image of 
Uk{{o)) in Ck- By class field theory, there is a commutative diagram: 

<t>K 

C Ko /V Ka ((b)) — Gal(^ ,(6)/^o) 



CWM(&)) Gal(Jf (6) /IO 

To prove the theorem, we use the commutative diagram of two exact se- 
quences: 

G { k } /V K {{b)) {l) ► C K /V K {(b)) ► C K /C^V K ((b)) 

I (A^SeA j 

C { Kl w /V K . m ({b))< l) ► (&C K , m /V K , m ((b)) ► 0C Jc . w /C<?> w Vj t .(,)((6)) 

■SeA $6A 

where the superscript (a) means the subgroup fixed by the complex conjugation 
i. We denote each kernel of the vertical maps by 

Ni, b := Ker (cf /M(&)) (t> ^ @* eA C<£ w /V K . w {{b)) <l) ), 

iV 2 , b := Ker(C JC /Vi r ((6)) -4® te i^w/^w(i). 

^3,6 := Ker(cW^V«:((6))— ^0, 6A C jr . ( * ) /cW w Vi i r. w ((6))). 

By the snake lemma, we have the exact sequence: 

► N hb ► N 2 , b > N 3 , b . 

Furthermore, by the theory of complex multiplication, Gal(Kn,)/M.K, b ) equals 
<f>K{N2, b )- On the other hand, by Corollary II. 21 all the elements of iV^f, have 
an order dividing 2 N ~ 1 . 

Let H(b) := 4>k{Ni^). Then, it is clear that the assertion (0) of the theorem 
holds. 
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Next, we show ©; since H l (K*) = 0, we have = l K {u) /(K x )<'> = C Ko . 



Hence, there is a commutative diagram: 



C K jV Ko {{b)) ► Cg/V K ((b))M >0 (exact) 



Cq/^q((6)) ► ©C^. W /Vic.(.)((6)) W 



Let Jrto,6 be the kernel of the left vertical map in the diagram, and Jk,\> be the 
image of J Ko ,b in C K /V K {{b)). Then, <t> K (J K , b ) = Ver (Gal(^ ,(6)/^o '• Q(6)))- 
Since 

C AT 1)6 , © is proved if 2^1,6 C J K ,b- 
Let n$ be the degree of K*($). If a G C Q belongs to ^.($)((&)) <l> for all 
CM-type then, a"* = AT G/ff , ($) (a) G K Q ((6)). Hence, a™ € K Q ((6)), 

where m is the greatest common divisor of n$ ($ G A). Since the sum of 
n$ ($ G A) equals 2 W by Lemma 11.41 m equals 2^° in the statement of the 
theorem. □ 

In [T3] , Wei proved the following theorem on the abelian extension obtained 
from all the CM-types whose reflex is contained in K. In the remaining part of 
this section, we prove the theorem by Wei, using Theorem 12.11 and basic results 
of algebraic number theory. 

Theorem 2.2. (Wei) Let M.k be the subfield of K ab obtained by adjoining 
to K , the moduli and the torsion points of all the polarized abelian varieties 
of a CM-type with the reflex field contained in K . The subgroup correspond- 
ing to M K equals the image of Gal{K ab /K ■ Q ab ) in Gal(K ab /K) under the 
Verlagerung map. 

Proof. Denote each kernel of the maps induced by (Af$)$ e Aj by 

iV 2 := Ker(C K /D K —>®t eA C K . w /D K . w ), 
N 3 := Ker (c K /C$D K — > $eA C K . W /C { £ W D K . W 

These groups equal lim Ni^, limA^t, lim A^j, respectively, the inverse limits of 

b b b 

the groups defined in the proof of Theorem 12.11 In addition, we define 

J Ko := Ker (N Ko/q : C K jD Ka — ► Cq/Dq). 

and denote the image in Ck/Dk by Jk- Jk is also the inverse limit of Jx ,b 
in the proof of Theorem 12.11 Then, Theorem 12.21 follows from Lemma 12.11 and 
Lemma [2~2l □ 



Lemma 2.1. Ni — Jk- 
Lemma 2.2. iV 3 = {0}. 
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Lemma 12.41 is used to prove them. First, we prove Lemma 12.41 using Lemma 

1231 

Let El be the group of units of a number held L. For any subgroup U C If,, 
[/ means its topological closure. The image of LJ, c II in Cl is denoted by 

Lemma 2.3. Let L be a number field. If a € It, satisfies a m £ L x (resp. 
a m G L£qL x ) for a natural number m, there exists d € L x suc/i i/iai a m = d m 
(resp. a^ 1 — d™ at any finite primes p). In particular, if a £ Cl satisfies 
a m £ Dl (resp. a £ L^Dl), then, a corresponds to b £ II such that all the 
components b v at any primes (resp. any finite primes) v are m-th roots of unity. 

Proof. Let U m c II be an open subgroup such that El H U m C E™. Take 
c £ L x such that a m = c mod U m . For any open subgroup U' C U m , there 
exists a unit e of L such that a'™ = e m c mod f/'. Therefore, for any finite 
prime p of L, c 1 !"" 1 £ L p . This means that the primes of L(( m ) except for a 
finite number, are totally split over L(c 1 / m ,(' m ), where £ m is a primitive m-th 
root of unity. Hence, c 1 /™ belongs to L(( m ). Then, c 1 ^" 1 £ L, again since we 
have c 1 /™ £ L p for any finite prime p. Therefore, the first statement follows. 

(Suppose that U m , U' D for the case of a m £ L%cL x .) The second statement 
follows immediately. □ 

Lemma 2.4. Let L C M be number fields. If a £ Cl satisfies a £ Dm (resp. 
a £ M^Dm) and a m £ Dl for a natural number m, then, a £ Dl (resp. 
a £ L^Dl). 

Proof. By Lemma [2~3l we may assume that the components of a at any primes 
are m-th roots of unity. Let U be an open subgroup in 1^ such that no roots of 
unity of M are contained in it. Take a positive number I such that E l M C U<1Em- 
For any open subgroup U' C U such that U' n Em C E M l , there exists e £ Em 
such that a = e mod V, because a £ Dm- Then, e m £ E M l , since e m = a m = 1 
mod U'. Therefore, £e £ E l M for some root of unity C G M. In particular, 
a = e = C mod £/. Since U is arbitrary, a = £ for some root of unity £ in L. 
Therefore, a £ Dl- The proof is similar for the case of a £ M^Dm- □ 

Proof of Lemma\2Ji Since D$ = (K )^D Ko , we have C$ /D$ = C K J(K )^D Ko . 
Therefore, 

Nx = Ker (c Ka /(K )^D Ko — ► © #6A C jr . ( * ) /(«*(5j)S ) i? xsw ). 

This map is via the norm map N Kg /q : Ck /{Ko) 00 Dk — > Cq/IR x Dq. Take 

an element a £ Cq that belongs to [Kq ($)) Then, a 2 e Z?x*(*)- ln 

addition, the canonical map Cq/Dq — > Ck*(®)/Dk*($) is injective, because 
both Kq($) and Q are totally real fields pQ. Hence, a 2 £ Dq. Therefore, 
a £ R x Dq by Lemma \2. 41 the statement follows. □ 
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Proof of Lemma \2.Sl Take a £ Ck such that N$(a) £ C^), K * (<$>) for all the 
CM-types (A, $). It is enough if we can show a £ Dk, which is equivalent 
to a 1 '" G D K . By Theorem EH a 2 "" 1 G C^D K - Hence, a 2 ™^ 1 -') G D K . 
By Lemma [2.4[ there exists b £ Ik such that 6 = a 1- ' mod Z?^, and all the 
components of b at the primes of A, are 2 N ~ 1 -th roots of unity. Moreover, N$(b) 
is a root of unity of A*($) for any $, since iV$(6) G D K »(<s>)- Hence, o 1_t = o 2 
is a root of unity, and b is also a root of unity. Therefore, a 1- ' G Dk- □ 

3 A Character identity 

In this section, we give a proof of a character identity between the Artin L- 
functions of a CM-field A and the reflex of A. 

For any group N and a normal subgroup N such that [N : N] = 2, we 
denote by Xn /n the non-trivial character of -/V induced by the canonical ho- 

momorphisms Nq -» Nq/N -h> {±1}- 

Proposition 3.1. Let A" 6e a CM-field. Let and 1 6e i/ie elements of 
Ind^ o (Z2) £/ia£ map any (fiHo to and 1 respectively. For a fixed CM-type 
(A, 3?o); G can &e regarded as a subgroup o/Ind^r (Z 2 ) x Go 6j/ p$ defined in 
Corollary \1.1[ Then, the equation holds: 

Res G Ind|^ ( Q Z2)> ' Go (x<i)xGo/{o}xGo) = Ind ff *(*)(^o* (*)/«* (*))> ( 14 ) 

where (1) is f/ie subgroup of Ind^ (Z2) generated by 1, and A is a system of 
representatives for the conjugacy classes of the CM-types of K. 

Proof. We have 

Res G Ind (1)x ° Go (x<i)xg /{o}xg ) = 2^ H((i)xG„) s -inGU ), 

seG\Indg o (Z 2 )xG /(l)xG 

where % s is the character of s((l)xGo)s _1 nG such that x s ( x ) = X{i)xG /{o}xG ( s ~ lxs ) 
for x £ s((l) x Go)s _1 n G. Let {s^} be a system of representatives for 
G\Indg o (Z 2 ) x G /(l) x G . We can choose {s,} from Indg o (Z 2 ) x {id}. Let 
s s : = (fi,id), and $ /s := {J' ( -^ H °'>ip 1 , ■ ■ ■ ,L^ NH °^ip N } for a fixed CM-type 
$0 := {fi, • • • j Vjv}- Then, by Lemma ll. 31 makes a system of represen- 

tatives for the conjugacy class of the CM-types of A. Moreover, we have 

Si {{!) x GoK 1 n G = {a G G : a * /< = /< or /< + 1} = flj ($/,), 

Hence, x Si is the character induced by iJjJ^/J -» H£ fi ) / H* fr) {±1}. 
By this, the statement follows. □ 
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Let / be a subset of {(piHg, • • • , (p^Ho}. Then, the character of IndS (Z 2 ) 
is given by Xi(f) := (—l)^-" pH ° eI ^ vH °\ It is clear that 1 1-> xi gives a bijection 
from the subsets of {(piHo,--- ,lpnHq} to the characters of Ind ffo (Za). For 
/ € Ind^ Q (Z 2 ) and s = (f',a) G Ind^ Q (Z 2 ) xi G , we define / s such that 
(f s ,id) = s" 1 • {f,id) ■ s , and X f(/) := X/(D- Then, for s = (/», 

xKf) = Xii^-f + ^'f-f) 

= Xi(<r- 1 -f + <r- 1 'f')-Xi(f) 

= X«lU + f')-Xi{f), (15) 

where a I := {aipiH ,-" ,cr(p N H }. Hence, xj = Xi means Xai(f + f) = 
Xi(f + /') f° r an y /> therefore, a I = I. 

Let Ho(I) := {a G Go : crl = I}. Then, xi 1S extended to a character of 
Indg o (Z 2 ) xH (I) by 

X/(C/»)=X/(/)- (16) 

This character is denoted by xi- 

For an irreducible representation 7r of Hq(I), let fr be the irreducible repre- 
sentation of Ind^r (Z2) x Hq{I) given by composing 7r with Ind^ (Z 2 ) x Hq(I) -» 

Hq(I). We denote the representation I n d Ind G° ^ (%/ <8> tt ) by an d the 

character of 0i, n by xi^- 

Proposition 3.2. Let \I\ be the cardinality of I. Then, 

(a) 61 n is irreducible. 

(b) IfOi. n and Oji^i are isomorphic, then V = a I for some a G Go, and n' is 
isomorphic to tt. 

(c) Every irreducible representation o/Ind^r n (Z 2 ) xi Go is isomorphic to one of 
the 0i i7r . 

Proof. See, e.g., 8., Proposition 25. □ 

For any odd number d, Go acts on {(pi Ho, • • • , (pnHq} by (piHo i-> a(ptHo, 
which induces an action of Go on the set {/ C {(piHo, • • • , ipiyHo} : \I\ = d} for 
any natural number d. Let Jd be a system of representatives for the orbits, and 

Jodd '■= V)l<d<N: odd ^d- 

Lemma 3.1. The following gives an irreducible decomposition: 



Indg (Z 2 )xG 



Ind 7lWG,T" " J "(X(l)xGo/{0}xGo) = Y\ XIM: (17) 



ieJod. 
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Proof. In the sequel, for any representation tt, we denote the character of ir 
by Xtt- From the above proposition, it suffices if the multiplicities of #j i7r are 
computed. By the Frobenius reciprocity, 



Indg (Z s )xGo 



( Ind (l)x°Go (X(l)xG /{0}xG )> X/, 7 r)lndg o (Z 2 )xG 

/ -D T >dg Q (Z 2 )xiGo . 

- «<i)xG /{o}xGo, rtes (1>xGo lnd Ind g^ (Z2)><ffo(7) (x/®X#)){i>xGo 

= (X(l)xG„/{0}xG , Ind (l)xHo(7) (XI ® X#))(l)xG 
= (X(l)xF (/)/{0}xffoW' X/ ® X#)(l)xHo(7) 

Moreover, 

(X{i)xff„(/)/{o}x/f„(;), X/ ® X#)<i)xH (/) 

X(l)xH (I)/{O}xH o (I)(t)(Xl ® ) 

te<i)xi? (/) 

- ^owr 1 E (x~/®x*)(i- 1 )(i-(x~/®x*)((i,^r 1 )) 

t£{0}xH (/) 

te{o}xH (/) 

= 2 ' 7r ' ,d / ff o( J ) 

Therefore, 

/T ,Indg (Z 2 )xG 

\ lnCl (l)xGo U<l>xG /{0}xGoJ ; X/,7rhndg o (Z 2 )xiG 

{1 if |7| is odd and 7r is the trivial representation of Go, 
otherwise. 

We obtain the lemma. □ 
Let I be a subset of {tpiHo, ■ ■ ■ 7 (pnHq} such that |7| is odd. Define 

H(I) := {a e G : £^ eJ r *M«) = 0, e ff„(/)} • (18) 

The definition of H(I) is independent of the choice of $. If I = {Ho}, then, 
H(I) = H. Therefore K(I) = K. Moreover, 

Res H (xiM) = Res Glnd|iid?[J3^° (/)(^) = Ind H(/)(x/), (19) 



since 



G\(Indg o (Z 2 ) x> G )/(Indg o (Z 2 ) x> H (I)) 



= 1. 



We denote the field corresponding to the subgroup (Ind^ o (Z2) x Hq(I)) n G 
by K (I). Since t e (Indg Q (Z 2 ) x H (I)) n G, K (I) is a totally real field. Let 
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K(I) be the quadratic extension of Kq(I) corresponding to the kernel of the 
character \i- Since i does not belong to the kernel, K(I) is a CM- field. 
We obtain the theorem from the above argument. 

Theorem 3.1. Let A be a system of representatives for the conjugacy classes 
of the CM-types of K . Then, 



Ind if «($)(Xi?j(*)/ii'(*)) = Ind H(i)(xi), 

(if,4)6A 



(20) 



ie.J , 



Now, we can apply the character identity to obtain a relation formula of the 
Artin L-functions and relative invariants of a CM-field and its reflexes, as is 
done in [IT] . 

For a field F, we denote the discriminant, the class number and the unit 
group of F by dp, hp and Ep respectively. 

Corollary 3.1. There is a relation formula of the Artin L-functions: 

n L ( s 'Xff *(*)/H*(«)) = n l ( s >xi)> ( 2i ) 

(K,$)eA ieJodd 

where A is a system of representatives for the conjugacy classes of the CM-types 
of K . Therefore, 



n 

(if,*)GA 



IK* (9) 



n 



)/h K *(i 



(fsr,$)eA 



[E K , 



E 



)] 



n 

ieJad, 

n 

ieJ d, 



L K(I) 



lK (I) 



h K (i)/h Ko (i) 
[E K {i) ■■ Eko(i)} 



(22) 
(23) 



Proof. The first equation follows from Theorem l3.ll in general, L(s, \) — L{s, Ind^(%)) 
holds for any character x of a finite dimensional representaion of H . We denote 
the number of the roots of unity in K, Kq by wk, wk , and the regulator of K , 
K by R K , Rk„- Then, 



L{1,Xk/k ) 



Ck(s) 



lim 

s -^ 1 Ck {s) 



(2n) N h K R K \ / 2 N h Ko R Ko 



d K 



\ WK\J\d K \ 
hx/hKo 



WKoVWkA 



l K [Er ■ Ek ] 

For a character \ °f G, let f(x) b e the conductor of the character \- Then, 

(d K ) = f(lnd%(id H )) 

( d K ) = f( ln d% (id Ho )), 

where idu and ida are the trivial representation of H and Ho respectively (c/. 
[7], Chapter VI, Corollary 1 of Prop. 6). Hence, 



' d K 
Ak 



f(Indg(id ff ))f(Indg (zd ffo ))- 1 = f(Ind%( XHo/H ))- 
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Therefore, the corollary follows. □ 

It is clear that G C H(I). Therefore, K (I) is different from any reflex fields 
of K at least when G ^ {id, p}, since CtlH* ($) = {id} by © and © in Section 
11.21 By this, Example Q] is the only case when the set of K(I) totally coincides 
with the set of the reflex fields of K, i.e., the character identity is trivial. 

Example 1. Suppose that G = (t) x Go and the degree N of Kq is an odd 
number, i.e., there is a section homomorphism Go <->• G. Let $o be a CM-type 
of K such that = {id} x Go- For a subset I C {ipiHo, ■ ■ ■ ,ipnHq}, define 

/,(**>-{? <*> 

^ l pH Q e I. 

Then, for the fixed CM-type $o, we have (id, a) * fi = a ■ fi = f a i , and (t, a) * 
fl = 1 + fa I ■ Therefore, when the cardinality of I is odd, we have 

= {(id,o) € (0 x Go : -t/ = /} = iJ(J). 

Hence, K(I) and K*(<S>f T ) coincide. The set of K(I) (I G J odd) has a one-to- 
one correspondence with the reflexes K*(^f T ) of K. 

Example 2. Let G be the dihedral group Z?2n of degree 2n. Then, G has two 
generators a, (3 such that a 2n = id, /3 2 = id, and /3a/3 _1 = oT 1 . Regard the 
central element ct n as the complex conjugation i. Then, the fixed subfield K by 
H := {id, (3} is a CM-field and <£> := {id\u,a\u, • ■ ■ ,a n ~ 1 \n} is a CM-type of 
K. We have i?*($o) — {id, a n ~ 1 j3}. When n is odd, it is the case of Example 

m 

So, let n be even. In this case, K and K*(<&q) are not conjugate. Neverthe- 
less, as Shimura pointed out in )1 If , 

^h (Xh /h) = Indg. ($o) (xjj »(# )/j?.(# )). (25) 

In JEj, this type of character identity is investigated for dihedral groups, respond- 
ing to Shimura's suggestion. We shall show that the equation \25)) follows from 
Theorem \3.1[ regard Go as a subgroup of the symmetry group S n by the canonical 
action on G/Hq = {Hq, uHq, ■ ■ ■ ,a n ~ 1 Ho}. A map p$> Q := (r$ ,p) is defined 
in Corollary The image of a 1 is given by 

r^ (a l ) = (!,■■■ ,1,0,- •• ,0), p(a l ) = (1 2 ... n)\ 



Similarly, the image of a 1 is given by 
r $0 (a l /3) = (0,---,0,l 1 —_ 1 l) ) 

i+l 7i— i— 1 

, „■ „ , , , Tl I l> I 1 i ,- Tli I % I 3-,. , _ ,, , ^ , i 1 I 1 , ,- % I 3 -, , 

P(a z /3) = (L J l)---(i + 3n-l)(i + 2n)(li + l)(2i)---(L— J \— I 
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where [*J and ["*] are the floor function and the ceiling function respectively. 

Let ko be the maximum number such that 2 k ° \ n. For the CM-type <£>o, if 
we define $/ as a € G is contained in H*{<&f) if and only if r<j, (a) — 
p(o~) ■ f — f '. Therefore, let (i,2n) be the greatest common divisor of i and 2n, 
then, 



a 1 € H*(<5>) for some $ <^ a (h2n) £ H * ($) for some $ <^> 2 k ' 
a 1 f3 £ _£/*($) for some <f> i is odd. 



feo + l 



Similarly, for I C {Hq, oHq, ■ ■ ■ ,a n ~~ l HQ\, a 6 G is contained in H(I) if 
and only if crl = I and J2 a ^H ei r ^o{ <J )i. a3 ^o) = 0. Therefore, under the 
assumption that the cardinality of I is odd, 

a 1 G H(I) <(=>> a^ 2 "> e H(I) 2 k " +1 \ i and a^ n) I = I, 
a 1 (3 £ H(I) i is even and a? pi = I. 

Hence, H*(&) is conjugate to i) (a 2 °), or ii) (a 2 0+ 3 , a™ _1 /3). for some 
j such that 2 k °j \ n. Similarly. H(I) is conjugate to Hi) (a 2 ° + 3 ), or iv) 
(a 2fc0+1 ^/3). 

In t/ie sequel, <I>o is replaced by the CM-type such that a l \n £ $0 
i = 0,--- ,2 k ° - 1 mod2 k « +1 . For I C {H ,aH ,--- ^^Hq}, define fi £ 
Ind^J (Z2) as J£^- Then, since we have r$ (a 2 ° + J ) = for any j, and 



r $o (a"" 1 /?)=0 ; 

a 2k ° +1 i £H*(<f> fl ) ^ a 2 "°il = I, 
a 11 - 1 p £ H* {<£ fl ) a n ~ 1 f3I = I. 

For a natural number j such that 2 k ° j \ n, define 

Sj := {/ C {ifiH 0l ■■■ , tp N H } : a 2 ° j I = I and a 2 " 30 1 ^ I for any j \ j\ 

Sj := {I £ Sj : a' 1 - 1 (31 = i) , 

Tj := {I £ Sj : \I\ is odd} , 

Tj := {I £ Sj : \I\ is odd, and /?/ = /}, 



Let Sj :=\Sj\, Sj 



tj :— \Tj\, tj :— 



Using these variables, we can 



count the number of the orbits of G such that the stabilizer is conjugate to each 
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subgroup. By Theorem \3.1\ 

V Sj-[G:{a^^a-^)]~Sj G 

0<j | 2-*o n L • \ /J 



v t J -[g:(a a>0 " 1 J > ^)fe g , , 
fG-(a 2fc °^l ln V 2fc °.)^<a 2fc ° 3 )/< Q 2fc ° +1 V 

0<j | 2-*o n L X /J 

+ H [(^o-ij / 2"oj «\l Ind ^'»i, ^)^<a= fc °i, /3)/<a 2fc ° + 1 J, /J))' 

Since we We p(a) = (12 ••• n), p(/3) = (§ 2±4)...(3 n - 1)(2 n), and 
p(a n ~ l l3) — (1 n)(2 n — 1) • • • (f ^J^), ^e subsets can be restated; 

Sj = {I C {1, • • • , n} : 2 fc °j is £/ie minimum periodicity of 1} , 
Sj = {I £ Sj :i£l-&n — i + l£l}, 
Tj = {I G : | J n {1, • • • , 2 fc °j}| is orfrf} , 

Tj = | J e Sj ■ : 1 € I ^ - + 1 i I, and i £ I ^ n - i + 2 € I (2 < i < -) J , 

Hence, we have Sj — 2tj , §j = tj . Therefore, 

0<j | 2- k 0n 

= ^2 ^" Ind <l 2fc0 J, /J)( X <a 2fc °^ /3)/<a 2 ' i0 + 1 3, /3>)- 

0<j | 2~ k On 

By induction on j, we obtain i25\) . 



4 Reflex fields and a Pfister form 

In this section, we show Proposition ^. 1[ then, give a proof of the third theorem 
which states that some Pfister form is decomposed into quadratic forms defined 
on a set of reflex fields of K. Pfister forms are known as the only case of 
anisotropic multiplicative quadratic forms ([6], cf. [4]) 

For a CM- type (K, <I>) and I C {(fxHo, ■ ■ ■ ,(PnHq} with odd cardinality, a 
CM-field K(I) is introduced in Section [3] These CM-ficlds are also used for 
the proof of the third theorem. First, we give a definition of the CM-type 
(if (7), $(/)); using p® : G <-> Indg o (Z 2 ) x G in Corollary O we defined the 
subgroups H{I) and Hq(I) of G by 

H(I) := {a £ G : ^H ei M<r)(<pH ) = 0, p(a)I = i] , (26) 
Ho(I) := {a £ G : p(a)I = 1} . (27) 
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Then, H(I) and iio(i) are independent of the choice of the CM-type <J>, and 
H (I) = H(I) U lH(I). A CM-field if (i) is the fixed subfield by H(T). Further- 
more, if we set 

S*(Z) ■■={<? £G:J2 vHoeI rz(<T- 1 )(<pH ) = o}, (28) 

then, H*($)S§m = SWn and S§n\H(I) = SWn- Denote the set of the 
embeddings if(I) C corresponding to the left cosets S^m/H{I) by <j>(i), 
and the set of the embeddings if*($) C given by the inverse of the right 
cosets H*($)\Sq(d by $(/)*. $(/) and $(/)* are CM-types of if (J) and 
if*(<I>) respectively. In addition, (if (!),$(/)) contains the dual CM-type of 
(if* ($),$(!)*), and (if*($), $(!)*) contains the dual of (if (J), $(/)). 

For < d < N, there is the canonical action of G on {i C {<y9iiio, ■ • ■ j ^A^iio} : 
|i| = d}; let be a system of representatives for the orbits, and J dd '■= 
Ui<d<Af- odd Jd- Since the stabilizer of I is (H(I),i), there is the decomposi- 
tion given by H^(I)a n- cr~ l I: 

{Ic{tpiH ,--- ,<PnH }: \I\ is odd}- |J flo(i)\G. (29) 

On the other hand, for a fixed CM-type (if, <I>o), a G-action on Ind ff() (Z2) is 
defined by / M> rr * / in Section H~3l Since the stabilizer of / is H*($>f), there 
is the decomposition for each i, given by uiiQ ($/) H> cr * /: 

Indg (Z 2 )/(l) = [J G/flJ($/), (30) 

#/£A 

where (1) is the subgroup of Ind ffo (Z 2 ) generated by 1 € Ind^ Q (Z 2 ) that maps 
all G/Hq to 1, and A is a system of representatives for the conjugacy classes of 
the CM-types of if. When the degree of if is 2N, the dimension of Je j K(I) 
over Q is 2 N , which is same as that of $eA if*($). 

The following proposition also shows that the set of (if (/),$(/)) can be 
regarded as the dual of the set of (if *(<&),<&*); for a G-module M, denote by 
M H , the subset of M consisting of all the fixed elements by H . Then, the half 
norm map AT $(J) : M H W — ► M H *W is defined by a ^ E ve <i>(/) ¥>( a )- The 
norm map Nq/h : M — > M G is also defined by a i— >• X^ergG/ff <7 ( a )- 

Proposition 4.1. Lei M be a G-module on which i acts as —1. Using the half 
norm maps, define two maps Nj^\, Aa->j by 

Nj ^ A : M B{t) _^ M B*{*f) 

(aiheJodd ( X! lE "" £, ' W, ^,(J)(«') 

\l£Jodd / (JjfgA 
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l£Jodd 



Na ^j : M H *^ — > M H ^ 

Then, the compositions Nj^.\oN\-^.j and N\^joNj^\ equal the multiplication 
by'2 x '. 

We use the following two lemmas for the proof. 
Lemma 4.1. For any I, I' £ J odd, 

{2 N -\id-,) + 2 N -*N G/H{I) if 1 = 1', (3i) 
1 otherwise. 

Proof. The left-hand side of pip equals 

* / sA^'eG/H *(* / ) tl>eH (l)\G 
= y" ^^H ei'^*f(fH ) ^ t E 

$/eAV'e<3/i?5(*/) Veffo(/)\G 
= t E^ o£ i"/''*/(viro) y t E^ oe iW*/(yHo)^-i 

=: (*). 
Using the decomposition (f5U|) . 

/Glndg o (Z 2 )/(l) ^eH (I)\G 
i>eH (I)\G /eIndg o (Z 2 )/(l> 
4>eH (I)\G /eIudg (Za)/(l) 

ipeH (I)\G, 7'=^-!/ ^eH (I)\G, I'^- 1 



If J' = V 1 ^ for some ?/> € Hq(T)\G, then, 1 = 1' and -0 £ #o(-0 since /, 
-f 7 € J dd- Therefore, 

= f 2^- 2 (*d - o + 2 w - 2 /v G/H(/) if j = /', 

1 otherwise. 
We obtain the lemma. □ 
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Lemma 4.2. For <£/,<&/' € A, 



2 N - 2 (zd + 2 N -*N G/H , { ^ f) iff= /', 
otherwise. 



L ^B oel (f'+f)( V Bo) N9fi{x) Q N ^ {ir 

Proof. The left-hand side of (|32p equals 

l£Jodii>'£H (I)\G iAeG/ff*(*/) 

_ t E»,/r oe x(/+/'+r* / ,(^'))(vHo) ^Hoei^f^XvBo)^ 

l£Joddi)'£H (I)\G *eG/fl *(4>,) 

=: (*). 

Since r*,, (r) - r*, (r) + r • (/ - /') - (/ - /'), 

(/ + /' + r«,, (V') + r«, Wl,))(<pH ) = W ■ {f - f) + r», (^') + r», W>V))(^o) 

= l/-(S>*f-f)(<pH ). 

Then, by the decomposition (|29)) . 

i&Jodd 4>'<eh (i)\g ipeG/H'(<s> f ) 

X ^ X t £*H 6lW*/-/')(V>-H°) 

iP&G/H*(_<S> f ) I<Z{<fiH ,-,<p N H }, \I\ : odd 

= 2^-1 x ^+ 2JV_1 X ^ 

+2 N - 2 X (id + t)^. 

Vec/fl-jc*/), /'=«/>*/ 

If ^ * / = /' for some ^ e G/if *($/), then, f = f and j/j e H*(<f>f) since /, 
/' e A. Therefore, 

w = |2 w - 2 ^-0 + 2 N - 2 7V G/ff , ($/) if/-/', 
1 otherwise. 

We obtain the lemma. □ 

Proof of Proposition \4-l\ Denote the canonical embedding M H ^ ) ■— > (J) Jg j dt( M H ^' 
by i/', and the canonical projection (J)/ e j M H ^ -» M HtyI ' by pjv. Then, for 
e J odd by Lemma gj] 

(2 N -Hd if /" = /', 
I otherwise. 
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Similarly, denote the canonical embedding M H (* ) <^-> (J) $(E a M h W and 
the projection 0^ M H *W -» M H *(*') by £*/ and Then, for 



A by Lemma 14.21 

P V oJV MA oJV A ^o l$f , = ^ t E ^ e7(/ ' +/ " )( ^° ) ^ / „ (J) oiV 4/ , (J) , 

j2 N - 1 id if /' = /", 
[ otherwise. 

Therefore, the assertion holds. □ 

For a given CM-field L, we denote by £ 1-t , the subspace consisting of a € 
L such that ta = —a. Then, N\^j defined in Proposition 14.11 induces an 
isomorphism as Q-linear spaces: 

N A -+j : iT C*) 1 -' A i^/) 1 "'. (33) 

*eA ieJodd 

Even if the cardinality of I is even, H(I), Hq(I) and SWn are well-defined 
by (EH), (EH) and ([28]). $(J) and $(/)* are also defined similarly. When the 
cardinality of / is odd, we have t £ H(I), hence, the fixed field K(I) by H(I) 
is a totally real field. [Hq(I) : H(I)] = 1 or 2 in this case. 

Let M be a 2-divisible G-module M on which i acts as — 1. Then, for 
I C {</?i-ffo; ■ • • ! PnHq} with odd cardinality, the half norm map N$m, N$m* 
satisfies on M H ^\ M H W respectively, 



A, 



*(/) 



- X! (-l) E * r o« r *M&' lr °ty- 1 , (34) 
N Hiy = I (-l)^ H o^ r " m:pHo) ip. (35) 



In the sequel, we use (|3"4|) . (|35|) as the definition of the half norm map JV$(j) 
and AT$(/)*. It is well-defined since X^^Hoe/ r *( cr )(V'^o) depends only on the 
double coset of H{I)crH*(<fr). By this, we can calculate AT^m, AWn. for 
/ C {(^i-ffo, • • • t^PnHq} with even cardinality. It is also possible to omit the 
assumption that t acts on M as — 1. 

iV$(i) gives a map from M H ^ to M ff '*) because we have for cr € H *($>), 



erA, 



*(/) 



I (_ 1 )E^ oe/ r*W)(^o) (T ^-l 
i>eH(i)\G 

\ (-i)^ H ^ ir * [i}a){vHo) ^- 1 = N HI) 



4>£H(I)\G 



Similarly, N 9{ir (M H "^) C M H ^\ iN H i) = (-l) m JV* (/) and tiV» (J) . = 
(-l) 171 ^/). also hold. 
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For a G-module M, we denote the complex conjugation of a 6 M by a. Let 
L be a CM-field or a totally real field, and F be a subfield of L. Then, a positive 
definite quadratic form over L is defined by a h- > Tr L / F (aa). 

On each direct sum ® $gA .K"*(<1?) and JeJ K{I), a quadratic form is 
defined by the orthogonal sum of Trx(/)/Q(aa), 2>r:»($) /Q(aa) respectively. 
Denote them by Qj an d Qa- They have canonical linear extensions to K§ <E)q 
(©/ej^.-K'U)). *o ®Q (©* e A^*( $ ))> whi ch are denoted by K% ® Q Qj and 

For the maximum totally real field K$ of K, take a totally positive element 
d £ Kq such that K = Ko(V—d). Then, we have the Pfister form defined over 
j\ . 

q:= (l,pi(d))®---® (l,<p N (d)), (36) 

where (l,a) represents the quadratic form x 2 + ay 2 . This quadratic form can 
be regarded as a tensor product of the norm AT , , 7-7-. . „ r defined on 



V := K^-Md)) ®k S ■ ■ • ®K S K c Q W- VN {d)), (37) 

which is a i^Q-algebra. 

For I C {<piH , • • • , <p N H }, let 

uj := ci <g> • • • ® cat, q := < (38) 

I 1 otherwise. 

Then, {«/ : / C {931-ffo, • • • , VnHq}} makes a basis of V as a linear space over 
i\ . 



Now, we have Il^ffoe/ V^fi^) <= ^(1), since -ff(/) fixes it. Let [I] := {al : 
a E G}. Then, there is the canonical isomorphism: 

K c ® Q K{I) -A K^U^j, v^P))- (39) 

We denote by J, a system of representatives for the orbits of the action of G on 
{ipiH , ■ • • . VnH }. Then, 

K C o^{® IeJ K(I))= K c (U veI V^PW))- (40) 

I<Z{fiH ,--- ,tp N Ha] 

This map gives an embedding 4>j odd : K§®q (©/ e j ^{I) 1 ^^) V". Hence, by 
p3]), there is also an embedding (j> Jodd o JVa^j : K§(g> Q (© $eA if*^) 1 - 1 ) V. 

Theorem l4.1l shows that 4>j odd oN^j is extended to an isomorphism between 
Kq (g)Q (® $gA K*{<&)) and V, conserving their quadratic forms. 

Theorem 4.1. For a totally positive d £ .Kg smc/i that K — Ko(V-d), define 
a Pfister form q and K^-algebra V by \36\) and {Sty respectively. Then, there 
is an isomorphism as K^-algebras: 



OA 



:K c ® q 0iT($) Av. 



\*eA 
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Furthermore, such isomorphisms satisfy q(^>\(w)) = 2 N Kq ®q Qa(w), where 
Qa is the orthogonal sum of the quadratic form Tr^t^yq^aa). 

The following lemma is used for the proof. 

Lemma 4.3. Let 1,1' be subsets of {ipiHo, ■ ■ ■ ,ipnHo}, and denote their ex- 
clusive disjunction by I)LI' . For any 2-divisible G-module M and G A, 
let a,b be elements of M fixed by H* (<£> /), H* (<I> f>) respectively. Then, 

(_l)E^ oe r/(^o)+E^ oeI ^/'(^o)^^ j)i(a)7v$ ^ (m/)i(6) 

IC{tpiH ,--- ,ip N H } 

j2 N - 1 (-l) I2 ^oei' f^ H o) N<s>f(I , r (^ a x if f = a * f for some er G G, 

1 otherwise. 

Proof. The left-hand side of (|4ip equals 

\ E E vwoo 

>peG/H'(<S> f )iP'£G/H*($ fl ) 

x ^_ 1 )E^ oe i(/+^ / W)(¥'-ffo)+E > ,H oe iy I /(/'+r* / ,(^'))(V-ffo) = . ^ 

We have 

E (/+^w)(^o)+ E (/'+^(v/))(^ ) 
= E (/+»•*, wo) (*>ffo)+ E (/+^w)(^o) 

+ E (/ + ^/W)(^o)+ E (f + r*,,WM'pBo) 

E (/ + /' + ^ / (V)+^ / ,(V''))(^o)+ E (/ + ^ W)(^o). (42) 

Furthermore, since r$ , (r) = r$ / (r) +r •(/' — /) — (/' — /), we have 

/ + /' + r» / (V) + r, / ,(^) = ^•(/-/O+^W+r^CV') 

= V • (/ - /') + r* f , W>) + r*,, (V) + rp ■ r*,, (V" V) 
= V> • (/ - W>" V) * /')• 

Hence, 

(*) = - ^ ^ (-l)^»oe/'^+'"*/^))^' ff( ')v>(a)V' , (&) 

i>eG/H*($f) ip'eG/H»(<i> f ,) 

x (•_ 1 )E„H oeI y I ,V"(/-W- 1 V'')*/')(^o)_ 
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Hence, let a — tfj tp', then, 

f 2 N-2 (^ijE^ei-^/WOWi^ax^t)) if / = <x * /' for some er G G, 

(*) = < veG/H"(*/) 

I otherwise. 

Therefore, the equation pTj) follows. □ 



Proof of Theorem \4-- 1\ If there is an isomorphism <^a such that that <?(</>a(w)) = 
2~ N Qa(w), the other isomorphisms also have the property, because Qk°o~ = Qa 
holds for any automorphisms a of Kq ®q (©$ eA K*($)), 
For (a*,) G 4/eA define 0a by 

MM) :-2- w+1 ^- £ (_l)IW/(^°)jV » /(7) .(o* / ).(43) 

The coefficient of is an element of Kq, because we have cN$ f (jy = (— \)^"ph ^i r *.f (cHv-^o) 
for c G C, and furthermore, by Lemma 1 1.1 1 and Proposition 1 1.1[ 

c( n v /r Rrf))=(-i) E ^ e/r ^ (c)( ^° ) n v/^r^)- (44) 



Hence, (|43|) is well-defined. 

Let's see that <pA satisfies the assertion of the theorem. It is clear that </>a is 
i^Q-linear. We divide the proof into two parts. 

(i) 0a is a homomorphism between Kq- algebras; it is enough if we can show 

( (a* ))</>A ((&*)) = <?V((a*fr*)) for an y (a*)<5eA, (M*eA € 0$ e A^*(*)- 
Denote the exclusive disjunction of / and /' by III'. Then, we have 



M(fi* f ))M(P* f )) = 2" 2JV E E EE 



* / 6A* / ,GA / I' n^ffogjy/' V 

*EC/a'(* f ) 

x E (-i) E * a ° cj/ ^v w ' ))(,pHa y (**,,) 

i,'£G/H*(S> f/ ) 

= 2 ~ 2N E E EE —/ 

x E (-i)^» e ' (/+r */ W))(vff »VK) 

t/iEG/ff'tSj) 

_ 2~ 2JV + 2 E£f 
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Therefore, by Lemma 

= (t>A(a<t>fb<s, f ). 



(ii) q(4>\(w)) — 2 K£ ®q Q^(w); it is enough if we can show q(4>\((a^>))) 



2- Jv g A ((a$)) for (a$)$ eA e © #6A We have 



$ / /GA^'gG///*(* / /) 

Since t * f(<pH ) = (r* (t) + t ■ f)(<pH ) = f(<pH ) + 1 for any /, 

J */GA 

x E E (-i) E ^«« (t * //+r *-'' W){ ^°V(o» / /) 

= 2 -2N+2^ ^ (-l) T "* H o^ S{vHa)+T "* H ^ I ''* S ' {vHa) 

i $/eA$f/£A 
x 7V $/ (/). {austf )N$ itf , (/)- (a $/ ) . 



Therefore, by Lemma 14731 

g(0A((o*/))) = 2~ Ar+1 A r * / (0)*(a$ / oi7) 

= 2_Ar E E V'K.oij) = 2- Ar g A (K / )). 

<S>f£A^£G/H*(<S> f ) 

It is clear that q and Q A (iu) are positive definite. Since q(<j>A(w)) = 2~ jv A"q<X>q 
Qa(w) for any u> g ^o®q(©*gA 4>a must be injective. Hence, by com- 

paring the dimensions, it is an isomorphism. Therefore, the assertion holds. □ 
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